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We study the finite temperature phase diagram of the Heisenberg-Kitaev model on a three dimensional hyper-
honeycomb lattice. Using semiclassical analysis and classical Monte-Carlo simulations, we investigate quantum
and thermal order-by-disorder, as well as the magnetic ordering temperature. We find the parameter regime
where quantum and thermal fluctuations favor different magnetic orders, which leads to an additional finite
temperature phase transition within the ordered phase. This transition, however, occurs at a relatively low
temperature and the entropic effects may dominate most of the finite temperature region below the ordering
temperature. In addition, we explore the magnetization process in the presence of a magnetic field and discover
spin-flop transitions which are sensitive to the applied-field direction. We discuss implications of our results for
future experiments on a hyperhoneycomb lattice system such as the recently discovered β-Li2IrO3.
I. INTRODUCTION
Recent investigations on 5d transition metal oxides have
suggested many interesting spin models and possible candi-
dates of spin-liquid phases in the Mott insulator regime.1–7
One particular direction has been the study of materials con-
taining edge-shared iridium-oxygen octahedra: the combina-
tion of strong spin-orbit coupling and correlation effects of
iridium’s 5d electrons can lead to an unusual spin model in
the Mott limit where both Heisenberg and Kitaev interactions
are present.8–10 In search of such a unique spin Hamiltonian in
real materials, both theoretical and experimental studies have
extensively focused on the two-dimensional honeycomb sys-
tems Na2IrO3 and Li2IrO3.2–4,11–14
A recent experiment by H. Takagi et al.15 on β-Li2IrO3
strongly suggests the discovery of a three-dimensional lattice
system that may realize the HK model in analogy to the two-
dimensional honeycomb lattice. This hyperhoneycomb sys-
tem contains tri-coordinated Ir4+ ions with edge-shared oc-
tahedra and the corresponding HK model has been recently
studied by Ref.16–18. In the former two works, the zero tem-
perature phase diagram of the HK model was studied, while
in the last work, the strongly anisotropic Kitaev model was
explored.
The HK model on the 3D hyperhoneycomb lattice is dis-
tinct from the 2D case in several ways and hence offers an
exciting new platform for the study of the interplay between
spin-orbit and correlation effects. Firstly, unlike the 2D hon-
eycomb, the magnetic ordering temperature can be finite for
the pure Heisenberg models in three-dimensional lattices.19
Second, when the classical ground state is degenerate, both
thermal and quantum fluctuations may lift the degeneracy and
select a particular ordered state, which is the well-known or-
der by disorder (ObD) mechanism. For the case of a 2D hon-
eycomb lattice, both thermal and quantum fluctuations lift
the accidental degeneracy of the classical ground state and
favor the same ordered state. They both select spins point-
ing along cubic directions, resulting in a six-fold degeneracy
of the spin order.19 In general, however, the origin of these
two fluctuations—one from zero-point quantum fluctuation
energy and another from entropy effects—are different and
they could favor different states. For example, in the J1-J2
Heisenberg model on a diamond lattice, it has been suggested
that thermal and quantum ObD could favor different states
among classically degenerate spiral orders.20,21 Another ex-
ample of the competition between quantum and thermal ObD
is studied in the antiferromagnetic Heisenberg model on a
pyrochlore lattice in the presence of Dzyaloshinskii-Moriya
interactions.22
In this paper, we study the finite temperature phase diagram
of the HK model on the 3D hyperhoneycomb lattice. Within
the classical limit, there are four distinct magnetic orders; fer-
romagnet (FM), Ne´el, skew-stripy, and skew-zig-zag. We find
that both quantum and thermal fluctuations lift the classical
degeneracy in the ground state manifold and choose particu-
lar collinear spin states in every phase. In a certain parameter
regime, quantum and thermal ObD compete and favor differ-
ent collinear spin states. This interplay between quantum and
thermal fluctuations leads to a finite temperature phase transi-
tion within the ordered phase in addition to the paramagnetic
phase transition. In addition to ObD phenomena, magnetic
field effects are also investigated as a guide for future experi-
ments. To be specific, we computed the magnetization process
as a function of magnetic field for each phase and discuss how
the Heisenberg and Kitaev spin exchange interactions can be
extracted from the magnetic field response of the system.
The rest of the paper is organized as follows. In Sec.II,
we start by introducing the HK model on the 3D hyperhon-
eycomb lattice. We briefly summarize the zero-temperature
phase diagram studied in Ref.16 and describe key features
of HK model. In Sec.III, we present a finite temperature
phase diagram of the HK model based on both classical Monte
Carlo (MC) simulations and a semi-classical calculation us-
ing Holstein-Primakoff linear spin-wave theory. These com-
plementary techniques facilitate the study of a wide range of
temperatures and allow us to estimate the magnetic ordering
temperature as well as investigate the competition of thermal
and quantum ObD. The magnetic field effect is studied in
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2Sec.IV. Using MC simulations, we find a magnetization jump
at the saturation field due to a spin-flop transition for certain
regions in the phase diagram. We also estimate the saturation
field as a function of the ratio of Kitaev interaction to Heisen-
berg interaction. For comparison, we discuss the field effect
within the semi-classical Holstein-Primakoff linear spin-wave
theory. We present the angle-averaged saturation field values
as well as a more detailed look at the role of applied-field
direction. In Sec.V, we summarize our results and discuss
predictions that can be tested against future experiments on a
hyperhoneycomb lattice systems such as β-Li2IrO3.
II. HEISENBERG-KITAEV MODEL ON A
HYPERHONEYCOMB LATTICE
The HK model on the hyperhoneycomb lattice in the con-
text of β-Li2IrO3 is described in detail in Ref.16. Here we
recapitulate several points relevant to our current work.
The idealized hyperhoneycomb lattice is composed of
edge-shared oxygen octahedra with Ir4+ ions at their centers.
Each Ir site is connected to three other nearest-neighbor Ir
ions, thereby generating a tri-coordinated 3D lattice. Since
each 5d Ir ion is situated in an octahedral crystal-field environ-
ment and atomic spin-orbit coupling is large, the low-energy
physics may be described by jeff = 1/2 states.23 In the pres-
ence of Hund’s coupling, the strong-coupling limit of such a
system with edge-shared octahedra can be described by a HK
model with jeff = 1/2 pseudospins at each Ir site.8 The mag-
netization operator M = L + 2S (taking the Lande` g-factor
of the electron to be 2) projected into the jeff = 1/2 subspace
yields M = −2Jeff and hence we can treat the jeff = 1/2
pseudospins at each Ir site as spins with an effective g-factor
of geff = −2.24
The HK model is
HHK = J
∑
〈ij〉
Si · Sj −K
∑
〈ij〉,α−links
Sαi S
α
j , (1)
where the first and second terms are the Heisenberg and Ki-
taev exchanges respectively. Here, 〈ij〉 indicates nearest-
neighbors i and j, and α-links (α = x, y, z) denote the three
bonds in the tri-coordinated hyperhoneycomb lattice.
The zero-temperature classical phase diagram contains four
magnetic phases. For the antiferromagnetic Heisenberg re-
gion (J > 0), two phases are found: the Ne´el (K/|J | < 1)
and skew-stripy (K/|J | > 1). For the ferromagnetic Heisen-
berg region (J < 0), two other phases are found: the skew-
zig-zag (K/|J | < −1), and the ferromagnet (FM, K/|J | >
−1). Phase transitions occur between the Ne´el and skew-
stripy phases at J > 0,K/|J | = 1, as well as between the
skew-zig-zag and ferromagnet at J < 0,K/|J | = −1. As we
will see in Sec. III, these phase boundaries are pinned to these
specific K/|J | values and extend to finite temperatures.
Similar to the 2D honeycomb HK model, a four-sublattice
rotation maps J → −J , K → K − 2J .11,16,25 By this ex-
act transformation, the Ne´el and skew-zig-zag states map onto
each other, as do the skew-stripy and FM states. Moreover,
the pure antiferromagnetic Heisenberg point maps to the spe-
cial point J < 0,K/|J | = −2 while the pure ferromagnetic
Heisenberg point maps to J > 0,K/|J | = 2, implying that
the latter is exactly solvable and that all four of these points
have exact SU(2) degeneracy.
Away from these four special points that possess an ex-
act SU(2) symmetry, the HK model possess an accidental
SU(2) symmetry at the zero-temperature classical level.11,16
Since these accidentally degenerate ground state manifolds
will be of primary concern in our discussion of both order-
by-disorder and magnetic field response, we now detail the
parametrization of the degenerate manifolds used in this work.
In the ferromagnetic and Ne´el regions, the accidental SU(2)
symmetry can be parametrized by a 3-vector representing the
collinear order. For example, the (100)-, (010)-, (001)-, and
(111)-FM states, also denoted as x-, y-, z, and (111)-FM,
have every spin directed in the x, y, z, and 111 directions re-
spectively (see Fig.1 for definitions of the x, y, and z axes).
Similarly, we also parametrize a general skew-zig-zag (skew-
stripy) state with a 3-vector ~n = (nx, ny, nz), which refers to
the state obtained by performing a four-sublattices rotation on
the ~n Ne´el (FM) state. In our discussion of ObD, we will see
that the x, y, and z states play a central role.
Due to the sublattice-dependence of the four-sublattices
transformation, the skew-stripy and skew-zig-zag states are
non-coplanar in general, as the (111)-skew-stripy state exem-
plifies in Fig.1. In contrast, certain states within the degen-
erate manifolds are coplanar or even collinear. In particular,
the (100)-, (010)-, and (001)-skew-stripy/skew-zig-zag states
are collinear spin orders, while the (nxny0)-, (0nynz)-, and
(nx0nz)-skew-stripy/skew-zig-zag states are coplanar states.
As we will see in Sec.IV, this has important consequences in
the magnetic field response of our model.
The low symmetry of the hyperhoneycomb lattice only en-
sures that magnetic phases related by a C xˆ+yˆ2 rotation are
symmetry-related (this can be contrasted with the 2D honey-
comb lattice, where a C6 axis is present). In particular, the
z-Ne´el state is distinct from the x- and y-Ne´el states, but the
latter two are symmetry related by the aforementioned C xˆ+yˆ2
rotation (the same is true for the skew-zig-zag, skew-stripy,
and FM states).
III. FINITE TEMPERATURE PHASE DIAGRAM
Following the zero-temperature phase diagram in Ref.16,
we explore the finite temperature phase diagram of HK model.
As discussed in the previous section, there are four distinct
ordered phases : FM, Ne´el, skew-stripy, skew-zig-zag. Using
both MC simulation and a semi-classical analysis, we provide
magnetic ordering temperature and particular states favored
by quantum-, thermal-ObD in the HK model. For compar-
ison, we show two different phase diagrams: one obtained
from MC simulation in Sec.III A and another obtained from
Holstein-Primakoff bosons in Sec.III B. We found, in general,
the 3D HK hyperhoneycomb model has higher ordering tem-
peratures than the 2D honeycomb lattice as expected. In ad-
dition, it turns out that both quantum and thermal fluctuations
3FIG. 1. (color online) The (111)-skew-stripy phase on the hyper-
honeycomb lattice with the coordinate system shown on the right.
Each Ir site is described by a localized jeff = 1/2 pseudospin and is
connected with three nearest-neighbors. The α-links are colored red,
green, and blue for the x-, y-, and z- bonds respectively. The red, or-
ange, green, and blue pseudospins point in the (1, 1, 1), (−1,−1, 1),
(−1, 1,−1), and (1,−1,−1) directions. Note that these pseu-
dospins are non-coplanar and form an 8-sublattice structure, which
is a generic feature of the skew-stripy and skew-zig-zag phases. On
the other hand, the (100), (010), and (001) skew-stripy/skew-zig-
zag states (not shown) are collinear spin orders, while (nxny0),
(0nynz), and (nx0nz) skew-stripy/skew-zig-zag states (not shown)
are coplanar states.
always favor collinear spin states on every phase. However,
unlike the 2D honeycomb lattice, there is a certain parameter
regime where quantum ObD and thermal ObD compete with
each other and such competition results in an additional phase
transition below the ordering temperature. Nevertheless, this
additional phase transition occurs at the very low temperature,
and for most of the temperature range below ordering temper-
ature, the magnetic order chosen by thermal ObD is dominant.
Thermal ObD selects two distinct collinear spin states de-
pending on the parameter regime. When the Heisenberg and
Kitaev interactions are frustrated (for the different signs of
J and −K) in both unrotated and rotated basis, the sys-
tem prefers collinear spin states with spins pointing along
(001) direction. Otherwise, it prefers collinear spin state
with spins pointing along (100) direction or its symmetry
equivalent (010) direction. These two types of magnetic or-
der have different nature of phase transitions. For the for-
mer case, it belongs to the 3D Ising universality class, al-
lowing collinear spins pointing either (001) or (001¯) direc-
tion. On the other hand, for the latter case, there are four
symmetry-related magnetic orders with spins pointing along
(100), (1¯00), (010), (01¯0). The domain wall energy for a
sharp domain wall between (100) order and (1¯00) order is
estimated to be Dx,x¯ = (−3J + K) (per bond), which is the
same as Dy,y¯ on symmetry grounds. However, the domain
wall energy between (100) order and (010) order is estimated
to be Dx,y = (−3J + K)/2 = Dx,x¯/2 and is the same as
Dx,y¯ = Dx¯,y = Dx¯,y¯ . Hence, the phase transition of (100)-
state (or symmetry equivalent (010)-state) is expected to be
equivalent to the one of 3D XY model with Z4 anisotropy.
This Z4 anisotropy in 3D XY model is dangerously irrelevant
and this is studied in Refs.26–29. Thus, the finite temperature
transition belongs to the 3D XY universality class. Below,
we will discuss the magnetic order and ordering temperature
within MC simulation and linear spin wave approximation,
but will not attempt to numerically extract the critical expo-
nents at the transition.
A. Classical Monte Carlo simulation
In this section, we study the finite temperature phase dia-
gram of the classical HK model using MC simulations based
on the standard Metropolis algorithm. In our simulations,
we treat the spins as three dimensional unit vectors, Si =
(Sxi , S
y
i , S
z
i ) , |Si| = 1. For every data point, we use 106
number of MC sweeps and thermalization to simulate the sys-
tem size up to L = 12 for the total number of sites N = 4L3.
Fig.2 shows the finite temperature phase diagram as a function
of K/|J | for both FM J (J < 0) and AF J (J > 0). We em-
phasize that there is one to one mapping between FM J and
AF J , based on a four-sublattice rotation introduced in Sec.II.
Such basis rotations map the ferromagnetic (FM) phase to the
skew-stripy phase, and the skew-zig-zag phase to the Ne´el
phase (and vice versa). In Fig.2, the upper horizontal axis
is for AF J and the lower horizontal axis is for FM J . For FM
J , there are two distinct phases: the FM phase and the skew
zig-zag phase. The energy crossing between these two states
occurs at K/|J | = −1. For AF J , there are also two phases:
the Ne´el phase and the skew-stripy phase. The phase tran-
sition occurs at K/|J | = 1. Since a four-sublattice rotation
maps J → −J and K → K − 2J , the phase diagram of FM
J can be made consistent with the one for AF J by shifting
K/|J | by a constant of 2. The blue line indicates the ordering
temperature of the classical HK model. Unlike the case of the
2D honeycomb lattice, the ordering temperature is finite even
at pure Heisenberg points K/|J | = 0 for J > 0 and J < 0
and their equivalent points K/|J | = ±2 for ±J > 0 after
a four-sublattice rotation. The phase transition between Ne´el
phase and skew-stripy phase (or the phase transition between
skew zig-zag phase and FM phase) occurs at K/|J | = 1 (or
K/|J | = −1) with ordering temperature Tc/|J | ≈ 0.1. The
ordering temperature is largely suppressed at this transition
point due to the magnetic frustration. Two black dotted lines
are for the exactly solvable Heisenberg points; pure (anti-) fer-
romagnetic Heisenberg model at K/|J | = 0 for J > 0 and
J < 0 and their equivalent points K/|J | = ±2 for ±J > 0
after a four-sublattice rotation.
There are two distinct regimes in every ordered phase (FM,
Ne´el, skew-stripy and skew zig-zag) where thermal ObD se-
lects collinear spin states with spins pointing along either the
(001) or (100) direction. To confirm such thermal ObD ef-
fect in MC simulation, we have looked at the histogram for
each component of uniform (staggered) magnetization in the
FM (Ne´el) phase. In the (001)-FM phase, for example, the
histogram of z component of uniform magnetization shows a
sharp peak at non-zero values which vary as a function of tem-
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FIG. 2. (color online) Finite temperature phase diagram of classical
HK model obtained within MC simulation. For both cases of FM J
(J < 0, lower horizontal axis) and AF J (J > 0, upper horizontal
axis), there are two magnetic orders : FM and skew zig-zag phase
for FM J , Ne´el and skew-stripy phase for AF J . Blue line repre-
sents magnetic ordering temperature and red solid line is the phase
boundary where the two distinct phases are degenerate. Two black
dotted lines are for the exact solvable (anti)-ferromagnetic Heisen-
berg model. Thermal ObD favors collinear FM / skew zig-zag phase
(or Ne´el / skew-stripy phase) with spins pointing along (001) direc-
tion, when J and −K have opposite signs (i.e. frustrated case) in
both unrotated and rotated basis. Otherwise, ordered phases have
collinear spin states with spins pointing along (100) direction. The
errors in the calculated ordering temperatures are smaller than the
size of indicated data points.
perature, whereas, both x and y components of magnetization
both have a peak at zero. Once we find thermal ObD effect for
either FM phase or Ne´el phase, one-to-one mapping between
FM J and AF J automatically tells us that similar entropic se-
lection for the skew-stripy and skew-zig-zag phases occur as
well. We notice that the thermal fluctuations select collinear
spin states with spins pointing along (001) direction, when
the Heisenberg and Kitaev interactions are frustrated (i.e. the
signs of J and −K are different) in both unrotated and ro-
tated basis. Otherwise, the system favors the collinear spin
states with spins pointing along (100) direction or its sym-
metry equivalent (010) direction. The free energy calculation
from fluctuating fields at the Gaussian level also shows such
global selection by entropy effect. (See Appendix.VI A for
details)
B. Linear spin wave theory
Competition between thermal and quantum order-by-disorder
Thermal order-by-disorder selects states within the classi-
cally degenerate ground state manifold that have the largest
thermal fluctuations: an entropic effect. In contrast, quantum
order-by-disorder selects states with largest quantum fluctu-
ations and occurs at sufficiently low temperatures when en-
tropic effects are negligible. Since the selection criteria are
different between these two mechanisms, the states that are
preferred by each can also differ. If the selected ground states
do differ and are described by different order parameters, a
first-order phase transition is expected at finite temperature.
To investigate such a possibility, we analyze the quantum and
thermal spin fluctuations at zero and finite temperature about
the classical ground state via Holstein-Primakoff linear spin-
wave theory. As we will see, the results of this section will
also complement those obtained in our classical Monte Carlo
simulations (see Sec.III A).
Parameterizing the classical degeneracy by ~n (see Sec.II),
the ~n-dependent contribution to the free energy can be written
as
δF (~n, T ) = T
∑
k
log
(
1− e−ωk(~n)/T
)
+
1
2
∑
k
ωk(~n), (2)
where T is temperature and ωk(~n) is the linear spin-wave
spectrum that is dependent on ~n (the band index has been
suppressed). In computing the linear spin-wave dispersion,
magnon-magnon interactions have been ignored and only
quadratic terms have been retained. We have also taken
S = 1/2 to represent the jeff = 1/2 pseudospins of β-Li2IrO3
FIG. 3. (color online) Finite temperature phase diagram obtained
within the Holstein-Primakoff linear spin-wave approximation with
S = 1/2. The top and bottom horizontal axes are for the antiferro-
magnetic (J > 0) and ferromagnetic (J < 0) Heisenberg exchanges
respectively. These two axes are related by a four-sublattices rota-
tion (see Sec. II). The Ne´el and skew-stripy labeling of the left and
right regions apply to the top axis (J > 0) while zig-zag and fer-
romagnet (FM) apply to the bottom axis (J < 0). The first-order
phase boundary between these regions is indicated by a solid vertical
line. Phase boundaries between different states selected by thermal
ObD within each region are indicated by dashed lines. The first-
order phase boundary between the thermal ObD-selected and quan-
tum ObD-selected states appears in the lower right of the phase di-
agram. The estimated ordering temperature is given by the curve
between the paramagnetic (PM) region and the magnetically ordered
regions. See main text for details on the ObD mechanism and the
nature of the selected states.
5in the strong-coupling limit.
By minimizing the free energy in respect to ~n at both zero
and finite temperatures, we can examine the interplay of quan-
tum ObD and thermal ObD. In Eq.(2), the first term is the free
energy of the thermal fluctuations while the last term is the
zero-point quantum fluctuation energy correction to the clas-
sical energy. Competition between thermal ObD and quan-
tum ObD can occur if the second and last terms possess dif-
ferent global minima in the ground state manifold. A first-
order transition will be present if these minima do not possess
symmetry-related order parameters. For concreteness, let us
now explore this possibility in the Ne´el and skew-stripy region
of the phase diagram—the results for the skew-zig-zag and
ferromagnetic regions can be obtained via the four-sublattices
rotation introduced earlier (the phase diagram in Fig.3 shows
K/|J | axes for both J > 0 and J < 0).
Ne´el (J > 0,K/|J | < 1): Both quantum ObD and ther-
mal ObD select the same state for a given K/|J |. The x-Ne´el
is selected for K/|J | < 0 while the z-Ne´el is selected for
0 < K/|J | < 1. This is shown in Fig.3. Both the selected
states and the phase boundary at K/|J | = 0 match those ob-
tained via our classical Monte Carlo simulations. We note that
at the pure antiferromagnetic Heisenberg point, SU(2) sym-
metry is restored and the accidental degeneracy of the ground
state manifold becomes exact hence no ObD is present.
Skew-stripy (J > 0,K/|J | > 1): When 1 < K/|J | < 2,
both quantum ObD and thermal ObD select the z-skew-stripy
phase, which is in agreement with our classical Monte Carlo
results. On the other hand, for 2 < K/|J | . 8.3, quantum
ObD selects the z-skew-stripy phase, but thermal fluctuations
prefer the x-skew-stripy phase. At temperatures of the order
T ≈ 0.03 J , a first-order phase transition between these two
skew-stripy phases is present, as seen in Fig.3. At T & 0.03 J ,
the states selected by thermal ObD as well as the phase bound-
ary at K/|J | = 2 match the results of our classical Monte
Carlo results. We again note that the K/|J | = 2 point is
the pure ferromagnetic Heisenberg point in the rotated basis,
hence SU(2) symmetry is restored and no ObD mechanism is
present.
Ordering temperature
Using linear spin-wave theory, we can also estimate the
magnetic ordering temperatures and compare the results with
those estimated from our Monte Carlo simulations. We define
the ordering temperature as the temperature at which the order
parameter (local magnetization) vanishes. Despite the break-
down of linear spin-wave theory when fluctuations are large,
this definition would serve as a rough upper-bound of the crit-
ical temperature between the ordered phase and the paramag-
netic phase. Due to the four-sublattices rotation, this estimate
of the ordering temperature applies equally to both antifer-
romagnetic (J > 0) and ferromagnetic (J < 0) Heisenberg
exchanges. In Fig.3, the calculated ordering temperatures as a
function of K/|J | is shown. We remark that we cannot make
a quantitative comparison between the ordering temperature
found within classical Monte Carlo and within this spin-wave
calculation (the former method considers rigid spins of length
|S| = 1 and incorporates nonlinear interactions while the lat-
ter describes quantum mechanical spins with S = 1/2 within
linear spin wave approximation), the general trend of decreas-
ing ordering temperature near the phase boundary between the
skew-stripy and Ne´el region at K/|J | = 1 is consistent be-
tween the two calculations (likewise for the phase boundary
between the FM and skew-zig-zag region at K/|J | = −1).
Linear spin-wave theory estimates that the ordering tempera-
ture approaches zero as K/|J | approaches this phase bound-
ary. However, the computed fluctuations in the local magneti-
zation becomes comparable to the local magnetization itself,
signaling the breakdown of linear spin-wave theory, hence the
estimated ordering temperature may be significantly modified
by magnon interactions at this phase boundary.
IV. MAGNETIC FIELD RESPONSE
The magnetic field response will be useful to clarify the
nature of the magnetic order in real materials since the re-
sponse depends sensitively on the ordering of the spins. In
this section, we study the magnetic field response based on
both MC simulation in Sec.IV A and a semi-classical analy-
sis in Sec.IV B. Except for the FM case where the field effect
is trivial, we estimate the saturation field and its directional
dependence in each phase. For the skew-stripy and skew-
zig-zag phases, the spin-flop transition is present for general
field directions. This originates from the fact that the general
skew-stripy and skew-zig-zag phases are neither collinear nor
coplanar. For future experiments, we also compute the angle-
averaged saturation field on each ordered phase.
A. Classical Monte Carlo
Simple analysis for the saturation field has already been re-
ported in Ref.16. Here, we extend that study by investigat-
ing the directional dependence of the magnetic field response
on each phase at finite temperature using MC simulation. In-
cluding magnetic field h, the Heisenberg-Kitaev model can be
written as
Hh = J
∑
〈ij〉
Si · Sj −K
∑
〈ij〉,α−links
Sαi S
α
j −
∑
i
h · Si.
(3)
Here, the magnetic field h includes the Lande` g-factor. Thus,
for a given spin magnitude S, the magnetic field is scaled as
g/S. Unlike our zero-field results, we will need to examine
the saturation field of each magnetic phase separately since the
four-subalttices rotation transforms a uniform field in the un-
rotated basis to a site-dependent field in the rotated basis. We
also note that, in principle, the (001)- and (100)- states within
the same phases show different magnetic field response when
the field strength is comparable to the free energy difference
between those two states (∆F/T ∼ 10−4). However, when
the field strength is substantially larger than the free energy
6difference, the magnetic field response of these two phases
will be indistinguishable.
Ne´el phase: When the magnetic field is applied in the
Ne´el phase, the uniform magnetization is developed along the
field direction, having the Ne´el order on its basal plane. This
results in spin canting and the energy in terms of canted spin
angle θ out of Ne´el phase is
ENe´elh = (
3J
2
− K
2
)(sin2 θ − cos2 θ)− h sin θ, (4)
The saturation field is hsat = 6J − 2K where the canting
angle θ becomes pi/2.
Skew-stripy phase: When the magnetic field is applied
perpendicular to the spin directions of either the (001)- or the
(100)-skew-stripy phases, the uniform magnetization is devel-
oped along the field direction, resulting in spin canting similar
to the Ne´el phase. The energy in terms of canted spin angle θ
out of skew-stripy phase is
Estripyh=h(100) =
J
2
(3 sin2 θ − cos2 θ)− K
2
− h sin θ. (5)
In this case, the saturation field is h(100)sat = 4J which is inde-
pendent of Kitaev interaction K. On the other hand, when the
magnetic field direction is not perpendicular to the direction of
the spin order in the skew-stripy phase, say h = h/
√
3(111),
there is no way to develop uniform magnetization along the
field direction and have skew-stripy phase on its perpendicu-
lar plane. In principle, the skew-stripy phase belongs to nei-
ther collinear nor coplanar spin order except for special cases
like (001)-,(100)-skew-stripy phases where both cases have
collinear spin order. Therefore, the skew-stripy phase cannot
be established perpendicular to the field direction in general.
For a small field, (001)-,(100)-skew-stripy phase is still robust
and the system develops uniform magnetization perpendicular
to its direction. In the presence of a large magnetic field, how-
ever, the Zeeman energy overcomes the spin exchange energy
and the skew-stripy phase is eventually destroyed and all spins
are polarized along the field direction. Fig.4 shows the mag-
netization as a function of magnitudes h for h = h/
√
3(111)
at K/J = 4 and J > 0. Red, purple and blue points are MC
results (lines are drawn as a guide to the eye) for finite tem-
peratures T/J = 0.05, 0.1 and 0.5 respectively. Black line is
the magnetization curve obtained from energy minimization
of Hh for zero temperature T/J = 0. As we expected, the
(100)-skew-stripy phase is still present and uniform magneti-
zation is developed perpendicular to the (100) direction for a
small field h < hsat. At the saturation field hsat/J ≈ 2.7, the
spins are suddenly all polarized along the field direction, re-
sulting in a magnetization jump. Such a magnetization jump
corresponds to the spin-flop transition from (100)-skew-stripy
phase to fully polarized spin orders along the field direction
h//(111). Fig.5 shows the saturation field hsat/J for three
different cases as a function of K/J in the skew-stripy phase.
Black line is the saturation field when the field is applied along
(100) direction. As discussed before, the saturation field is
h
(100)
sat = 4J , which is independent of the Kitaev interaction
K. Blue line is the saturation field h(111)sat when the field di-
rection is along (111), obtained by the energy minimization
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FIG. 4. (color online) Magnetization curve as a function of h/J for
h = h/
√
3(111),K/J = 4 and J > 0 (in (100)-skew-stripy phase).
Red, purple, blue points are MC results for T/J = 0.05, 0.1, 0.5
(lines are drawn as a guide to the eye) and black line is from nu-
merical energy minimization of Hh for T/J = 0. The spin-flop
transition is present at the saturation field hsat/J ≈ 2.7.
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FIG. 5. (color online) Plot of saturation field hsat/J at zero tem-
perature as a function of K/J within the skew-stripy phase. Black
and blue lines are the saturation field when the field is applied in
the (100), (111) directions respectively, based on the energy mini-
mization of Hh at indicated points. Red line is the angle averaged
saturation field obtained by the linear spin-wave calculation.
of Hh in Eq.(3). In this case, since the skew-stripy phase is
stabilized by the interplay between AF Heisenberg interaction
(J > 0) and FM Kitaev interaction (K > 0), h(111)sat /J varies
near the phase boundaryK/J = 1 but eventually saturates for
large K/J to hsat/J ≈ 2.6. Red line is the angle-averaged
saturation field havesat /J , obtained by the linear spin-wave cal-
culation. (See Section.IV B)
skew-zig-zag phase: In the skew-zig-zag phase, AF Ki-
taev interaction competes with Zeeman energy unlike the case
for the skew-stripy phase and the saturation field does depend
on both Heisenberg and Kitaev interactions even when the
field is applied perpendicular to the collinear spin order. For
the field perpendicular to the spin order in (001)-,(100)-zig-
zag phase, the energy in terms of canted spin angle θ out of
7æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ æ æ æ
æ
æ
æ æ
æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
hJ
M
×h`
TJ=0.5
TJ=0.1
TJ=0.05
TJ=0
FIG. 6. (color online) Magnetization curve as a function of h/J
for h = h/
√
3(111), K/|J | = −4 and J < 0 (in (100)-skew-
zig-zag phase). Red, purple, blue points are MC results (lines are
drawn as a guide to the eye) and black line is from numerical energy
minimization ofHh for T/J = 0. The spin-flop transition is present
at the saturation field hsat/J ≈ 4.3.
skew-zig-zag phase is
Ezig−zagh=h(100) = (
J
2
+
K
2
) cos2 θ + (
3J
2
− K
2
) sin2 θ − h sin θ.
(6)
This leads the saturation field to be hsat = 2J − 2K for the
field perpendicular to the spin order in (001)-,(100)-zig-zag
phase. Similar to the case of the skew-stripy phase, the skew-
zig-zag phase does not belong to either collinear or coplanar
spin order in general. Hence, for general directions of mag-
netic field, one can expect a similar magnetization jump like
the case of the skew-stripy phase. Fig.6 shows the magnetiza-
tion as a function of magnetic field h/J for h = h/
√
3(111)
at K/|J | = −4 and J < 0. The spin-flop transition is present
at hsat/J ≈ 4.3. For h < hsat , the uniform magnetization
is linearly increasing with increase of magnetic field h. We
note that the eight sublattices magnetic order is stabilized to
minimize both AF Kitaev spin interaction and Zeeman energy.
Fig.7 represents the saturation field for three different cases as
a function ofK/|J |within the skew-zig-zag phase. Black line
is for the saturation field when the field is along (100) direc-
tion, h(100)sat = 2J − 2K. Blue line is for the saturation field
applied in the (111) direction, obtained by energy minimiza-
tion of Hh in Eq.(3). Red line is for the angle-averaged sat-
uration field, havesat , obtained by linear spin-wave calculation.
(See Section.IV B) Unlike the skew-stripy phase, the satura-
tion field hsat/J increases as a function of |K/J |.
B. Linear spin wave theory
The saturation field at zero temperature can also be com-
puted within linear spin-wave theory. By applying a suffi-
ciently large field, the classical ground state is ferromagneti-
cally ordered in the direction of the magnetic field. We then
consider the spin-wave spectrum about such an ordered state
and lower the magnetic field strength until the spin-wave spec-
trum becomes gapless. Further decrease in the applied-field
-1-2-3-4-5-6
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FIG. 7. (color online) Plot of saturation field hsat/J at zero tempera-
ture as a function ofK/|J |within the skew-zig-zag phase. Black and
blue lines are the saturation field when the field is applied to (100),
(111) directions respectively, based on the energy minimization of
Hh at indicated points. Red line is the angle averaged saturation
field obtained by linear spin-wave calculation.
strength will render the classical ferromagnetic state unstable,
indicating that the saturation field has been reached.
Although the magnetization curve and spin-flop transitions
revealed in the previous section could not be obtained within
this approach, linear spin-wave theory allows us to efficiently
compute hsat with arbitrary field directions and perform angle-
averages, which are of particular experimental interest for
single-crystal, polycrystalline, and powder samples.
Similar to Sec.IV A, we set the spin magnitude S and Lande`
g-factor to be arbitrary: the magnetic field is in units of g/S.
Ne´el (J > 0,K/|J | < 1): All the Ne´el states within the
ground state manifold are collinear, hence no spin-flop transi-
tion is expected at field strengths larger than the quantum zero-
point energy splitting (which is smaller than 10−3|J |). This
also implies that the saturation field does not depend on the
applied direction. The angle-averaged saturation field found
is exactly havesat = 6J − 2K, which agrees with the expression
obtained from Eq.(4).
Skew-stripy (J > 0,K/|J | > 1): For fields applied per-
pendicular to the collinear skew-stripy order, hsat = h
(100)
sat =
4 J is independent of K/|J |. In Fig.8a) and 8b), we also see
that the saturation field is sensitive to the field direction due
to the spin-flop transition and it is reduced when the field is
applied in the 〈111〉-direction with hsat ≈ 0.75h(100)sat = 3 J .
The K/|J | dependence is manifested in the solid angle where
the saturation field is reduced: Fig.8a) (K/|J | = 1.5) has
a smaller solid angle with reduced hsat compared to Fig.8b)
(K/|J | = 3.0). This implies that the angle-averaged satura-
tion field will decrease as K/|J | increases, which can be seen
in Fig.5 (havesat approaches 3.4 J with increasing K/|J |). We
also note that the havesat is largely independent of K/|J |.
Skew-zig-zag (J < 0,K/|J | < −1): The saturation field
of the skew-zig-zag phase also possesses directional depen-
dence due to the general non-coplanar nature of the skew-
zig-zag phase that causes the spin-flop jump in magnetiza-
tion. This is readily seen in Fig. 8c and Fig.8d. Contrast-
ing with the skew-stripy phase, as |K/J | increases, the re-
gion with reduced saturation field decreases in size. This can
8a) b)
c) d)
hsat/max(hsat)
FIG. 8. (color online) Field-direction dependence of saturation field
(hsat). The color maps indicate the fraction of the saturation field
compared to the maximum attained in directions perpendicular to
the cubic axes. Red contours are shown indicating hsat/max(hsat)
values of 0.9 and 0.8. Figures a) and b) are for the skew-stripy phase
at K = 1.5|J | and K = 3.0|J | respectively. Notice the solid angle
with low saturation field grows as |K| increases. Figures c) and d)
are for the skew-zig-zag phase at K = −2.0|J | and K = −4.0|J |.
Notice the opposite trend: the solid angle with low saturation field
decreases as |K| increases.
be seen by comparing Fig.8c (K/|J | = −2.0) with Fig.8d
(K/|J | = −4.0). The angle-averaged saturation field is
shown in Fig.7 and is below the value of h(100)sat = 2(J −K)
due to the reduction in hsat for general field directions. As
|K/J | increases, havesat approaches h(100)sat .
V. DISCUSSION AND SUMMARY
Related to future experiments on the material, we sug-
gest estimating the magnitudes of the Heisenberg and Kitaev
interactions J,K based on our theory. From experiments,
one can measure the Curie-Weiss temperature ΘCW, order-
ing temperature Tc, and saturation field hsat. In the high
temperature limit, the Curie-Weiss temperature is given by
ΘCW = (K − 3J)/4 (for S = 1/2). Since we obtained
an estimation of the saturation field and the ordering temper-
ature from MC simulation for each magnetic phase, we can
Magnetic order Parameter region ΘCW/havesat
Ne´el J > 0, K/|J| < 1 −1/2
Skew-stripy J > 0, K/|J| > 1 (K/J − 3)/4
Skew-zig-zag J < 0, K/|J| < −1 (K − 3J)/(2J − 2K)
TABLE I. Table of the ratio of Curie-Weiss temperature ΘCW to
angle-averaged saturation field havesat as estimated from linear spin-
wave theory. The saturation field havesat is scaled by g/S = 4.
For the skew-stripy and skew-zig-zag phases, the quoted result of
ΘCW/h
ave
sat is for fields along (100), however, this is a good approxi-
mation to the angle-averaged result (which is slightly smaller in mag-
nitude).
estimate the actual values of J andK based on these three pa-
rameters and speculate which ordered phase is realized in the
real material. Table.I shows the ratio of Curie-Weiss temper-
ature ΘCW to angle-averaged saturation field havesat for differ-
ent ordered states (details are discussed in Sec.IV). From the
observation of the saturation fields listed in Table.I, one can
point out that in the Ne´el and skew-zig-zag phase, the system
can have small havesat even when exchange interactions J andK
are large, due to the cancellation between them. On the other
hand, if the system is in the skew-stripy phase, the saturation
field can serve as an estimation of J .
In summary, we studied the finite temperature phase dia-
gram of the Heisenberg-Kitaev (HK) model on a 3D hyper-
honeycomb lattice. Based on classical MC simulation and a
semi-classical analysis using Holstein-Primakoff bosons, we
investigated the magnetic ordering temperatures and ObD ef-
fects in the HK model. Unlike the case for the 2D HK model
on the honeycomb lattice, the ordering temperature is finite
even in the limit of the pure (anti-) ferromagnetic Heisenberg
points K/|J | = 0 and their equivalent points K/|J | = ±2
for ±J > 0 after the four-sublattice rotation. In addition,
the overall energy scale of ordering temperatures in the HK
model on the 3D hyperhoneycomb lattice is higher than the
ones on the 2D honeycomb lattice as expected.19 Based on
the MC simulation, one can see that the ordering tempera-
ture is largely suppressed at the transition point K/|J | = ±1
for ±J > 0 due to the magnetic frustration. Away from the
transition point, however, the ordering temperature T/|J | in-
creases with increase of K/|J |. Linear spin-wave theory also
shows the same trend of ordering temperature and it reason-
ably estimates the ordering temperature compare to the MC
simulation. We also studied ObD effects from both thermal
and quantum fluctuations. These two different types of fluctu-
ations compete with each other and they favor different mag-
netic orders in a certain parameter region. Just below the or-
dering temperature, the entropy effect is large and the states
selected by thermal ObD are favored. At very low temper-
atures, however, zero-point quantum fluctuations are domi-
nant and the states selected by quantum ObD are favored.
Such competition between thermal ObD and quantum ObD
results in an additional phase transition below the ordering
temperature. Finally, we investigated the magnetization pro-
cess and the saturation field as a function of J and K for each
phase. For general field direction, we found that the spin-
9flop transition is present in both skew-stripy phase and skew-
zig-zag phase. Such spin-flop transitions originate from the
non-coplanar character of the general skew-stripy/skew-zig-
zag spin order. For comparison with future experiments, we
have also investigated in detail the directional dependence of
the saturation field and calculated the angle-averaged satura-
tion field at zero-temperature.
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VI. APPENDIX
A. Free energy calculation
In this Appendix, we discuss the free energy calculation
in the ferromagnetic phase for K/|J | > 1 and J < 0 and
find the state selected by thermal ObD. Let us start from a
ferromagnetic ground state and expand fluctuations by writing
Si = S¯
√
1−Π2i + Πi , (7)
Πi = v1φi + v2χi , (8)
where S¯ is FM order pointing along certain direction and Πi
is lying on its basal plane satisfying S¯ ·Πi = 0. This automat-
ically satisfies a constraint |Si| = 1 and the partition function
becomes
Z =
∫
DS e−βH =
∫
DχDφ e−S , (9)
S = 1
2T
∑
ij
(φiJ˜ijφj + χiJ˜ijχj + φiPijφj + χiQijχj + 2φiRijχj)
=
1
2T
∑
k
(
φ∗k χ
∗
k
)
Mk
(
φk
χk
)
, (10)
where
J˜ij = Jij − 3Jδij ,
Pij = −Kαij(vα1 )2 +Kδij ,
Qij = −Kαij(vα2 )2 +Kδij ,
Rij = −Kαij(vα1 vα2 ). (11)
Here, we keep only quadratic terms of χ and φ assuming that
this Gaussian action well behaves at low enough temperature.
The free energy F can be represented as
F = −T ln (Z)
=
T
2
∑
k,a
ln (Wa(k)/2piT ), (12)
where Wa(k) is the a-th eigenvalues of matrix Mk defined
in Eq.(10), at a given wave vector k. The connection be-
tween this classical approach and a semi-classical analysis us-
ing Holstein-Primakoff bosons, can be understood in the fol-
lowing way. In high temperature limit, Eq.(2) (in the main
text) can be rewritten as
F (T ) = T
∑
k,ωk>0
ln(1− e−ωk/T )
≈ T
∑
k,ωk>0
ln
ωk
T
. (13)
The trace of ln ωk is consistent with trace of 1/2 ln Wa(k)
in Eq.(10) and in this way, the free energy of semi-classical
analysis recovers the free energy of classical approach in high
temperature limit.
Fig.9 shows the calculated free energy for different FM or-
der with spins along (001), (100), (110), (111) at T/|J | = 1.
The free energies of magnetic orders along (001) or (100) are
always lower than the others for entire parameter regime of
K/|J | within FM order, resulting in either (001)- or (100)-
FM states being selected by thermal fluctuations. The free en-
ergy difference between those two states are quite small, so we
plot the energy difference ∆F/T = (FS¯=(001)−FS¯=(100))/T
in Fig.10. As can be seen in Fig.10, the free energy differ-
ence ∆F/T changes its sign with the sign of Kitaev term K.
For K/|J | > 0 where both Heisenberg and Kitaev interac-
tions favor the FM order (unfrustrated case), thermal ObD se-
lects the (100)-FM order. On the other hand, for K/|J | < 0
where Heisenberg and Kitaev interactions are frustrated, ther-
mal ObD favors the (001)-FM order. We also found that such
thermal ObD effect exists in the Ne´el order. For unfrustrated
case (both J and K have same sign), thermal fluctuation fa-
vors the Ne´el order with spins pointing along (100), whereas,
it favors the Ne´el order along (001) for frustrated case (when
J and K have different signs). As emphasized in Sec.II, the
FM order for J < 0 can be directly mapped onto the skew-
stripy order for J > 0, similarly the Ne´el order for J > 0
onto the skew-zig-zag order for J < 0, followed by a four-
sublattices rotation introduced in Sec.II. Hence, one can ex-
pect the same thermal ObD effect for both skew-stripy phase
and skew-zig-zag phase.
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FIG. 9. Calculated free energy from the quadratic order of fluc-
tuating fields φ, χ for different FM ordering vectors : Red, green,
blue and purple colored lines are free energies for FM order
S¯//(001), (100), (110), (111) respectively. Free energy differences
between S¯ = (001) and S¯ = (100) are replotted in Fig.10 for a bet-
ter resolution.
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FIG. 10. Plot of free energy difference between the two different FM
order, ∆F/T = (FS¯=(001) − FS¯=(100))/T . Thermal ObD selects
FM order along (001) for K/|J | < 0, whereas, it favors FM order
along (100) for K/|J | > 0.
